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Multi-Pulse-Width Modulated Control of Linear Systems

Franco Bernelli-Zazzera,* Paolo Mantegazza,” and Vittorio Nurzia*
Politecnico di Milano, 20133 Milan, Italy

A method is presented to convert a parent discrete time control into a multi-pulse-width modulated equivalent.
It is shown that such an equivalence can be established by matching the system state response at each sampling
interval and that, provided a sufficient number of pulses per samplinginterval are used, the degree of approximation
can be as high as desired even if a relatively slow sampling frequency is adopted. A numerical example on a simple
fourth-order system provides the basis for understanding the pros and cons of the method, which is then applied
to a more complex aerospace problem: the stabilization of coupled thermoelastic vibrations of a space structure.

I. Introduction

ANY control systems use actuators that are discontinuously

operated among a limited number of outputs, mostly two
or three states. Among aerospace applications, typical examples are
the jet thrustersused for attitude and/or shape control of spacecraft,!
which can produce either a constant or null force.

This operating mode leads to a controllerimplementing a simple
switching rule but introduces a high nonlinearity in the controlled
system and, generally, there can be no nonzero steady state but a
limit cycle periodicresponse. Nonetheless, if a sufficiently fast sam-
pling rate is adopted, even the strictestrequirementscan be satisfied.
There are, however, some limitationsto theirapplicationthat are dif-
ficult to overcome, e.g., when a significant actuating power must be
transferred mechanically between moving parts in contact and it is
not possible to limit their wearing rate to an acceptable level or if
stringent specifications are set on state derivatives.

Except for the simplest control tasks, when high switching fre-
quencies can be adopted, to obtain good performances from an
on/off or bang-bang actuator, it is necessary to design the appro-
priate switching law by means of a generally burdensome, nonlin-
ear control design technique. The most used design methods are
variable structure theory?=> and pulse width and/or pulse frequency
modulation (PWM-PWPEM).°

Areview of pulse width and/or pulse frequency modulatorscan be
foundin Ref. 7 together with a number of otherreferencesregarding
practical applications of the reported techniques. Some interesting
aerospace applications of pulse width modulated controls are pre-
sented in Refs. 8-10. In Ref. 11, a standard linear continuous time
invariantmulti-inputsystem is modified to allow a generalmodeling
of two states pulsewidthmodulated actuatorsin such a way that only
the average of the actuator output can be zero within each sampling
interval. This approach does not allow stabilization of an unstable
system and, lacking the off state, could lead to a useless waste of
control power.

Another way to carry out the design of the control system is
proposed in Ref. 12, where an equivalence is set between a pulse
width modulated control law and a parent discrete-time control,
hereafter called pulse amplitude modulation (PAM), for which a
wide variety of well-knownand widely used design techniquesexist.
This is accomplishedby imposing the equality of the areas under the
two control implementations within each sampling interval, in such
a way that an optimal firing delay can be determined by minimizing
the norm of the error between the PAM and its equivalent PWM
responses. This is a very powerful approach because it allows the
designerto ignore the nonlinear actuators even when relatively long
sampling times are used. Because the PAM to PWM conversionis
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based on the equivalencebetween responses to correspondinginput
histories, the method would work not only for control inputs but
also for any arbitrary command sequence.

In a more recent paper it is shown that a first-order PAM to PWM
equivalencecan be obtained by a single maximum amplitude PWM
impulse, centered within the sampling interval, having an area equal
to that of the parent PAM input.'?

In this paper we present a way to furtherimprove the equivalence
by allowing more than one pulse to appear within each sampling in-
terval. The resulting controller, hereafter called multi-pulse-width
modulated (MPWM), is a true PWM system, because the amplitude
of the controlis either zero or at plus-minus on states, but with pulses
unequally spread over the sampling interval. At first glance MPWM
control can also be interpreted as a more traditional PWPFM con-
trol, but it must be immediately clear that the two methods rely on
completely differentassumptionsand design techniques.In fact, the
PWPFM synthesis relies mostly on frequency-domain analyses of
single-inputkingle-output systems, whereas MPWM synthesis can
be carried out by using any design methodology for general multi-
variable systems, either in the time or frequency domain. Therefore
MPWM controllers can benefit from any improvement in control
design theory. From a practical point of view, detailed in the se-
quel of the paper, the pulsed controllerrepresentsa translation of an
equivalentdiscrete time control, which does not require the knowl-
edge of the system model. This means that the extra computational
burden required to perform the translation is very limited even for
complex systems and does not impede the possibility of evaluating
very complicated control laws in real time.

Two simulated applicationsare then presented to demonstrate the
obtainable performances.

II. Problem Formulation

The system to be controlled is assumed to be linear and is gov-
erned by the standard set of time invariant differential equations

M

where A and B are constant matrices,x € N" and u € R, whose
solution is

x =Ax + Bu

t+A
x(t+ A)=ex(t) + / exp[A(t+ A —n)]Bu(n)dn (2)

We want to compare the following two situations (Fig. 1): 1) dis-
crete PAM control: the input is constant over the sampling period

ui.PAM)(n) =u;(kA) for kA<np<(k+DA @3)

and 2) MPWM control: the input s either zero or the maximum
kA +T;; —8;; <n<kA+Tj

Pwm) () = Mj if
0 otherwise

J

u

@

where A is the sampling period, u; is the jth entry of the input
vector (j = 1,2,...,m), and §;; and T}; are the duration and the
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Fig.1 PAM/MPWM transformation.

final time instants of the ith pulse of the jth input, respectively.
Introducing the delay t;; between the end of the (i — 1)th pulse and
the beginning of the ith pulse of the jth input, for a sequence of p
pulses for each input, we can write

Tji:Z(fjh"_‘sjh)s i=12,...,p,
h=1

®)

To introduce an equivalence between control laws (3) and (4),
we have to develop the integral of Eq. (2) in a form so as to make
evident the pulse parameters 7;; and §;;. Because of the possibility
of applyingthe superpositionprinciplein the sequel we will, for sake
of conciseness, refer to a single-inputsystem, i.e., B =b € %",

SubstitutingEqs. (3) and (4) into Eq. (2) and calling x ; the forced
part of the discrete time state vector, which is the only one affected
by the input and whose expression is

kA+A

xp(kA+A) = / expl[AkA + A —n)lbu(n)dn  (6)

kA

we obtain

kA + A

kA + A) = [/
kA

P T;
P GA 4 A) = [2/ explA(kA + A —1)] dn}lﬂw
T; — 8

i=1 i

expl[A(kA+ A —n)] dn:|bu;c 7)

®)

Using a Taylor expansionfor the matrix exponentialand performing
the integrals, we are lead to the following relations:

00

AN
xPAM A 4 A) = |: ._:|buk =¥ (Abu, O)
! ; G+ D!

P
M kA + )= Z[‘I’(A — T, +68) — V(A — T)lbuy,

i=1

> Al )4 '
B ZMZ[(A—TH_&_)/H

=0 i=1

—(A - T,-)”‘]}buM (10

The error between the two different responsesis

AT j+ 1 . j+ 1
ek=2miA’ w= ) [a-T +8)

i=1

—(A —T»”‘]uM} (an

and can be seen as a series of infinite terms, where for each of
them the factor affected by the shape of the MPWM input is clearly

evidenced. Because the pulses are p and, for each pulse, two char-
acteristic quantities, 7; and §;, are needed to correctly operate the
actuator, we are able to determine p-pulses shaped input so as to set
the first 2 p terms of the error to zero, by satisfying the following set
of 2p nonlinear algebraic equations in the unknowns 7; and §;:

P
=Y [a-T+s)y " —@a-1)"]

i=1

A1k
Um

j=0,1,2,...,2p—1 (12)

Note that the first equation (j = 0) can be written as

P
MkA:MM Z(B, (13)

i=1

and, no matter how many pulses are present in the sampling inter-

val, always states that the area under the PAM and MPWM input

histories, i.e., their pulses over the sampling interval, must be equal.
The residual error now can be written as

AT j+1 - j+1
=2 miA W=y [T+

i=1

j=2p
—(A —T»f'*‘]uM} (14)

which is a decreasing function of the number of pulses p. We will
say that we seta (2p — 1)th-orderequivalencebetween the PAM and
PWM inputs when the first nonzero term in the series that defines
the error between the joint responses depends on the 2 pth power of
the error.
For example, if we are interested in a first-order equivalence
(p =1), itis easy to obtain the following solution:
8 = Auy Juy), T=(A+§)/2 (15)

i.e., the single-pulse centered equivalence presented in Ref. 13.
If, instead, we want to set up a third-order equivalence (p = 2),
the following set of nonlinear algebraic equations are to be solved:

AQfuy) = (A =T, +8) — (A—T)
FA-T+8)—(A—T) =68 +6
A (upfuy) = (A =Ty +8))> — (A = T))?

+(A =T, +8) —(A—T)?

(16)

Aupfuy) = (A =T, +68)° —(A=T))°

+(A =T +8) —(A—-T)
Aupfuy) = (A =Ty +8)* — (A — T))*

A =T +58)—(A=T)

which may also be written as
A(ugfuy) =38, + 6,
A (up fup) =2(A = T))8 + 87 +2(A — T1)8, + 83

A3y fuy) = 3(A — T8, + 3(A — T))8> + &

+3(A — T2)*8, + 3(A — T»)82 + 65 a7

A (up/uy) = +4(A — T))38, + 6(A — T))*8?
+4(A — TS + 8} +4A — Ty,
+6(A — T1)*82 + 4(A — TS5 + 82

In general, for orders of equivalence greater than one, we have to
solve Eq. (12), typically with a Newton-Raphson method, which in
this particular case takes the following recursive form:

Vit = Vi —G;leh (18)
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where
Tl(h> » N "
55}:) ; & — AE
v, = , e, =
U Y (NN O 2p Mk
5;};) ;[(A_Tz +5i) _(A_Ti ) :I_A E
(19)
0 1
—28" 2(A -1 +5™)
G, = . .
(AT a) T (a Ty 2p(a - T s
For example, for a two-pulse modulator, the Newton-Raphson algorithm would use the following matrices:
8 4+ 8 — A(uy fun)
(A _ Tl(h) + 55}:))2 . (A _ Tl(h))Z + (A _ Tz(h) + 5;}:))2 . (A _ Tz(h))Z . Az(uk/uM) 0
e, =
T +s") S (A= TP + (A= TP +57) = (&= TP) — Ay fun)
(A=T" +5M) = (A=T") + (A =T +5")" = (A = T™)' = A%y Jun)
i 0 1 0 : 1 ]
—28(" 2(a -1, +5") —28" 2(a -1, +5)
G =1 a(a= 1+ — (a =) ] s =10 4 50) =3[(a— 1 ) - (a— 1)) D a(a -1 a0
—4[(A 7" +57) — (A Tf’”)’] 4(A =T 4 5™) 4[(A " +5) — (A T;’”)’] 4(a -1 +5)°

A good initial guess for the iterative process can be obtained
either by subdividingthe sample intervalinto p equal parts and then
applying the first-order solution to each subinterval or by taking it
from the preceding control step. The latter choice is based on the
assumptionthatexcessivelylarge variationsof the inputrarely occur
and cannot be used when the control inputs saturate.

Extended simulations have proved that a small relative error can
be achievedin very few iterations, so that the related computational
load should not add any significant computational cost. However, it
must be noted that the equivalence thus established is based on the
assumption of identical initial conditions at each sampling point.
This is obviously not possible because at the end of each sampling
time the resulting PWM state vectoris differentfrom the one obtain-
able by means of a PAM control law, and the error propagates from
one sampling interval to the next one. Note that nothing can be said
aboutthe differencein the system responsein the case of nonperfect
matching. In some cases a low number of pulses may generate an
unpredicted (even if different from its parent PAM) improved time
response.

Nevertheless, it will be shown that increasing the order of the
equivalence increases the similarity between the entire PAM and
MPWM time histories.

If the input gets saturated, the equivalence between the PAM and
the MPWM responses is trivial and degenerates in a single pulse
covering the whole sampling interval (T = § = A).

Because of the relative ease in designing good PAM controllaws,
the ability to improve the equivalence between PAM and PWM

responses without reducing the sampling rate can be of paramount
importancein those applicationsin which complex centralized and
computer thirsty digital controllers must be implemented. In fact, if
a simpler equivalenceis used, i.e., a single pulse centered within the
sampling interval,'® a faster sampling inevitably would be required
to achieve the same performances obtainable with a MPWM. Thus,
if constraints are posed on the performances of the hardware to
be used, complex control laws cannot be implemented, whereas it
is likely instead that, due to its low added computational cost, the
MPWM will make possiblea precise equivalence with the available
computationalresources.

Note that relatively fast firings are assumed in determining
the MPWM equivalence, but this should not hinder its practical
applicationsas a not-as-fastfiring will limit the performances of the
equivalentimplementationonly when the controlleris close to satu-
ration. Instead, when the duty cycleis below saturation, the off times
will be wide enough to allow the compensation of delays in achiev-
ing fully an output by appropriate anticipation of the firing times.
An alternate approach is to model the dynamics of the actuators,
bringing the firings as close as possible to their fast switchinglogic.

III. Applications
Two examples are studied to investigate the possibility of taking
advantage of the method just discussed. They are closely related
to those presented in Ref. 7 and cover the applications to different
operating frequencies.
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Fig.2 Mass-spring-damper system.
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Fig.3 PAM/PWM equivalence (single centered pulse).

A. Example 1: Mass-Spring-Damper System

The first example is somewhat abstract and is a typical vibratory
system, like the one shown in Fig. 2, in which the actuator is a
constant force jet thruster. The parametersm, m,, ki, k,, ¢;, and ¢,
were selected in such a way that the resulting linear system (1) had
the natural frequencies of 0.52 and 1.76 Hz and damping of 0.012
and 0.05, respectively. Then a full state controller was designed
by pole placement so as to increase the damping factor to 0.2 for
both natural modes, leaving the frequencies unaltered. The input
force level is set to =12 N, a value selected to match the desired
closed-loop behavior with both no actuator saturation and a well-
used control power. The control frequency was set to 5 Hz, i.e., just
three times the highest frequency to be controlled.

Figures 3 and 4 show the performancesof MPW modulators with
a single pulse and four pulses. For conciseness the comparison be-
tween the free and controlled responses is shown only in Fig. 3a.
Figures 3b and 3c present the mean square error between the PAM
and MPWM responses and the control activity related to p pulses.

Figures 5 and 6 reporta sample of the control action of two modu-
lators. Figures 5a and 6a represent the starting and ending instants
for each pulse appearing in the sampling interval. The actual pulse
width modulated control shapes for two sampling intervals are in
Figs. 5b and 6b; they may be viewed as sections of Figs. 5a and 6a.
In each graph the vertical axis limit is the actual sampling time. It
is evident that neither the optimal positions of the pulses obtained
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Fig.4 PAM/MPWM equivalence (four pulses).
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Fig.5 PWM control sample (one pulse).

from the iteration are at the center of each subinterval nor are the
pulse widths equal.

In all of the cases the control action of the MPWM regulator is
very effective and quite similar to its PAM parents. Table 1 makes
it evident that the MPWM/PAM error is subject to a significant de-
crease when passingfroma singleto a two-pulsemodulator, whereas
higher-orderequivalentsdo not produce further significant improve-
ments. This is not surprising because the order of equivalence is
referred to the powers of the sampling intervals.

In Fig. 7, the evolution of the number of iterations during the
simulation is shown for the cases of two-, three-, and four-pulse
modulators. It is recalled that the single pulse does not require an
iterative solution. In each plot, the results related to both the men-
tioned initial guesses are reported. In all cases, it is clear that the
recursive algorithm converges after a few iterations and how the
initial solution based on the previous control step allows a faster
convergence. It is noted that, when the input is saturated, no itera-
tion is required because only a single pulse is applied covering the
entire sampling interval, so that the subsequent solution must be
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Tablel MPWM/PAM average errors

One pulse Two pulses Three pulses Four pulses
2.032¢-02 7.874e-04 5.515¢-04 4.330e-04
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Fig. 6 MPWM control sample (four pulses).
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evaluated by starting from the first-order equivalent, and the num-
ber of iterations following a saturated inputis always higher thanin
other conditions.

Finally, Fig. 8 gives an intuitive representation of how the dif-
ferent modulators work and why, physically speaking, the higher
the number of pulses the better the equivalenceis. The second mass
velocity appears with the typical sawtooth behavior of a PWM input
response; it is evident that, as the number of pulses per sampling
interval increases, the response oscillations become more frequent
but their amplitudes decrease.
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Fig. 8 Behavior of the PWM devices: PAM vs PWM.

This simple example leads to the following considerations.

1) The method works as expected: the control designeris required
to synthesizea standard discrete time PAM regulator without taking
into account the nonlinear behavior of the actuators. In the imple-
mentation phase, the PAM to MPWM conversionis easily inserted
only as a translation algorithm.

2) A relatively large number of pulses per sampling interval may
not bring a very high improvement in controller performances;one
has to considereach practical applicationto verify which modulator
is a faithful enough translator of the PAM control law.

B. Example 2: Control of Thermally Induced Vibrations
on a Flexible Boom

This example is a real, challenging, aerospace application, in
which the controller must operate at low frequencies due to the usu-
ally lower computational capability of space qualified computers.
Thus, the chance of designing relatively complex PAM regulators
and implementing them in an equivalent MPWM form becomes
interesting.

Example 2 deals with the application of an MPWM controller to
an unstably coupled thermoelastic structural system, in which the
heating input depends on the actual structural shape resulting from
thermally induced displacements. This leads to a thermostructural
feedback that can cause unstable vibrations of a slender flexible
boom in space. It represents a challenging test for a variety of rea-
sons, inasmuch as the system is multivariable, unstable, and the
control action is either unidirectional or zero.

The structureunder testrepresentsa simplified model of the boom
of the OGO-IV spacecraft, which was known to be affected by
sustainedoscillationsrelated to the crossing from the Earth’s shadow
into sunlight and vice versa. Various analytical methods to study
thermally induced oscillations have been proposed. For the control
problem, a detailed presentation of a coupled thermoelastic model,
based on the formulation of Ref. 14, can be found in Refs. 15 and
16, where it is shown that the system can be represented in the
state-space form as

i —2EQ - 97zO7 (4
q¢= I 1] 0 q
h

0 e'r  -—A h
0 0
+]0 |ut+{ o (22)
@T @TP*

where ¢ and h are the generalized structural and thermal modal
coordinates; ® and © the structural and thermal mode shapes; Z
and I' the thermoelastic and elastothermal coupling terms; and €2,
E, and A the structural natural frequencies, damping factors, and
thermal eigenvalues matrices; also, u is the control vector of the
thermal loads and P* the part of sunlight thermal input, which does
not depend on the structure displacements.

The structural and thermal modes are evaluated on a double fi-
nite element model (Fig. 9), one for the structural displacements
and one for the temperature distribution, which are only requested
to be interfaceable, i.e., the two models must have some common
grid points but not necessarily the same connections between these
points.
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Table 2 Eigenvalues of the flexible boom model

Mode number Uncoupled Coupled

and shape Real Imaginary Real Imaginary
1st structural 0.0 +1.28 +1.5¢-04 +1.28
10th structural 0.0 +31.8 —1.4e-05 +31.8
1st thermal —0.654 0.0 —0.654 0.0
38th thermal —0.658 0.0 —0.658 0.0

conducting and

beam  points

rigid elements radiating panels
elements
STRUCTURAL MODEL)| THERMAL MODEL

Fig.9 Finite element models of the flexible boom.

incident radiation

SEnsors
L] ] I ]
L 757 [_1 <
heaters x

Fig.10 Layout of the flexible boom control system.
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Fig. 11 Flexible boom-tip displacement PAM/MPWM responses and
errors.

Table 2 reports the slowest and fastest structural and thermal
eigenvaluesusedin Eq. (22) and how these eigenvaluesare modified
by the coupling effects. The thermal eigenvaluesare hardly affected
by the coupling and, neglecting any structural damping, the lowest
structural modes become unstable due to the thermal coupling.

The control makes use of six equally spaced sensorsand actuators,
positioned along the structure, as shown in Fig. 10. It is assumed
that the sensors measure local displacementsand velocities or allow
their easy and fast reconstruction so that the observed dynamics
need not be modeled, while the actuators are heating layers placed
on the shaded surface of the boom. Each actuator is driven only
by its nearest sensor, in a fully decentralized and collocated control

temp. diff. [°]
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j j i "T- - Single pulse
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— 001} o .
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. 30
time [s]

Fig. 12 Flexible boom-temperature difference PAM/MPWM re-
sponses and errors.

scheme. The main drawback of such a thermal control, in terms of
actuator complexity, is represented by the necessity of cooling, so
that a purely heating control law appears highly desirable. This is
achieved, for each heater, with a control law of the kind

u=Km, +K.m; +r (23)

where the constant feedforward vector r is chosen in such a way
as to eliminate the temperature difference between the sunlit and
shaded surfaces (nodes 4 and 2 in Fig. 9) in the uncontrolled case.

The controller was designed with reference to the discrete equiv-
alentof Eq. (22), sampled at 20 Hz, supposingeach heateris capable
of transmitting up to 15 W to the structure.

Modulators of orders 1-3 were implemented, determining that a
two-pulse modulator is very convenientto guarantee a better equiv-
alence between PAM and PWM responses and, as a consequence, a
higher confidence in designing the controller as a discrete feedback
(23). The controlled responses, referred to their PAM parents, are
shown in Figs. 11 and 12.

This example shows how the method presented can be employed
in an actual application. It is important to stress that the algorithm
does not affect the control system design, but it just guarantees that
the PAM controller performancesare achieved with PWM actuators
having an assigned order of equivalence.

IV. Concluding Remarks

The paper has presented a method to translate discrete time pulse
amplitude modulated controllaws in such a way that equivalentper-
formances can be obtained by using multi-pulse-width modulated
actuators. This leads to a convenient and viable way to implement
active control systems using highly nonlinear actuators while the
design can be easily and effectively carried out using discrete time
control methodologies.

Out of a large number of numerical verifications, two examples
of different complexity have been used to demonstrate the effec-
tiveness of the proposed technique. The simulations were aimed at
verifying whether using more than one impulse in each sampling in-
terval could lead, as theoretically expected, to an increased level of
confidence in the PAM/MPWM responses equivalence and whether
this task could be accomplished with reasonable added computa-
tional cost and control algorithm complexity.

No major limitations in the applicability of the technique were
found, and an experimental verification of the method is being de-
signed.

The most promising applications of the presented methodology
are likely to be found in on-off low-frequency controls, typical and
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often compulsory in many aerospace systems, for which a multi-
pulse conversion can be much more precise than a single-pulse
equivalence.
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